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The strong unicity theorem, first given by Newman and Shapiro (4), may

be described as follows: Given C[a,b] and W an n-dimensional Haar sub-

space of C[a,b]. Let fGC[a,b] and PfeW be the best approximation to f
from W. Then there exists a positive constant y, depending only on f, such

Of. — pli t lif — Pf lI ’”rIIP — P.~Il (1.1)

for all pQW where lihil = maxc lh(t ) I : tE(a,b]}, h~~C[a ,b]. The extension
of this theorem to the setti ng of monotone approximation has recently been
studied by fletcher and Rouller (3) and Schmidt (5). Specifically, fix an
Interval [a,b], Integers icr ‘c ...cr , signs C =±l , 1—O,...,k and define
K.K(ro,...,rk;cO,...,ak) by

.1. ..~~ K~(pE n~: ~~~~~~~~~ acx cb, j~O,l,...,k with kcn } (1.2)

.where ff~ denotes the class of all real algebraic polynomials of degree c n.

The study of approximation of C[a ,b] by K is cal led the monotone
‘Research supported in part by the National Science Foundation , U~~~~~oye1 for publia .10
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approximation problem. Professor G.G.Lorentz has played a major role in~
the development of the theory for this problem. See (2) for a brief expo-
sitory treatment of this probl em and an extensive bibliography .

In (3), Fletcher and Rouller constructed an example in Ka(pEn3:p~~ >O
on (—l ,l]} which shows that the best result of form (1.1) that could hold
In this setting would be where IlP~Pf JI is replaced by II P-Pf 11 2 . Al so , some

• positive resul ts were given that were extended by Schmidt (5). In (5) it
Is proved that given feC(a,b], K as defined in (1.2), Pf CK the best mono—
tone approximation to f and a positive constant M, there exists p0 depen-
ding only on f and M such that

hf  — P II .i. lI f PfII~~Y hl P — Pf 11 2 
. 

(1.3)
for all p € K satisfying II~I I c M.

In (5) one has the following definition: If Pf is the best uniform
approximation to f€CCa,b] from W a subset of C[a,b], we say that Pf Is
strongly unique of order a (O.ca.cl ) if for each M>O there is a constant y>O

such that

— p II ,~.II
f - PçlI~~ IIP - Pf hI l~a

for all pEW satisfying lI~ 11 cM. Thus, these two papers taken together show
that in monotone approximation strong unicity of order 1/2 holds and this
is a best possible result.

In this paper we shall show that by taking an appropriate combination
of Interpolatory constraints with a monotone constraint one obtains an

• approximation problem in which strong unicity of order 
~~~~~~~ 

m a positive

Integer, holds and that this is also a best possible result.

Thus, fix m a positive integer and define Kcn~ by
.1. K — (p€I~: p~~ (x)’O,acx cb and p(2)(x0)a...’up(21fl1)(x0)aO for(1.4)

x0E(a,b) fixed, n2m +l}.
- 

‘

~~~~ ~ Now, by referring to the general theory of (1), one can prove that
corresponding to each fEC(a ,b], there exists a unique best approximation,

I ’
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H
from K to f. The basic tools of this theory are extreme linear func-

tionals (extremals) of the dual of n,~ corresponding to f and a given peK.

In this- particular setting the extremals are as follows. Given feC(a,b]

and pEK, define for XE. [a ,b], e~ on’- C[a,b] by e~(g)—g(x) for all geC(a,b]

(poi nt evaluation) and for x-€[a,b], and l 5J<2m , e~ on n,~ by e~(q)=q
’i)(x)

for all ~~~~ The linear functional e~, xe[a,b), is said to be an extre—

mal for f and p provided Je~(f_p)I: h f-ph . The linear functional e~,
xe[a,b] is said to be extremal for f and p provIded e~(p)=O. Whenever 4
is an extremal for f and p and x~.(a,x0,b} then an additional extremal

called an augmented extremal is also present; namely, the extremal e~ for

which e~(p)O must also hold (since p~~ (x)>O). If 4 Is an extremal for

f and p, then the linear functional e~~ is an augmented extremal for f and

p with e~ ’(p)=O holding (since p1~~(x)>O). If one starts with an extremal
• set for f and p (which contains ~~~~~~~~~ and adds all possible aug-

mented extremals (as described above) to this set, then one has the aug-

mented set of extremais for f and p corresponding to the original extremal

set. Observing that these augmented extremal sets always correspond to

Hennlte-Birkhoff interpolation problems in which every supported block Is

even, It is relatively straightforward to prove that the maximal augmented

extremal set for f and its best approximation , Pf~ 
from K must have n+2

elements which span the dual of n,~. Thus, K is generalized Haar and unique-

ness of best approximations holds (1). In addition, suppose Pq is the best

approximation to -f from K. Then there exists k’cn+2 extrema’ls (e.g. (2)),

• - E— (e1~~_1, none 0f which are augmented extremals, for which 0 belongs to

1. . the convex hul l of {o(e)e: e~E) where a(e)—sgn(f(x)-pf(x)) if e—e~ for some

xe(a,b], a(e)”l if e—e for some ye[a,b] and a(e~~)—l , j~2,...,2m—l . Then,

-~~~ by adjoining to E the set Eaaal i augmented extremals corresponding to
p s I

elements of E} we must have that the set ~~~~~~~~~ contains at least n+2

elements of n~ which will necessarily span n~ by the fact that every

- — 
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supported block In the corresponding Hermlte—Blrkhoff problem is even.
Likewise, we must have that there exists eeE for which e’e~ some xEr(a,b]
as otherwise E is also an extremal set for f and Pf4C~ c any constant, for

which 0 is in the convex hull of (a(’e)e: e~E} violating uniqueness of best
approximation. Using these observations we can now prove

THEOREM. Let feC[a,b] and pfeK be the best approximation to f from K.

Given M>O there exists y”y(f,M)>O such that for peK satisfying hl p h I~.M,
h f — phI~. Of  - PfhI~~YhI P - PfhI~

”

(I.e. strong unicity of order ~ ) and this inequality is best possible.
Proof: The proof is an extension of the techniques of Fletcher and Roulier

and Schmidt. If f€K then =(2M)~~
2” suffices. Thus, assume ftK. Let

be a set of k extrema’ls, which contains (e~~}~!~ but contains no

augmented extremals, for which 0 is in the convex hul l of ~i(e)e: eeE}. Set

- 

- 

. Eaug—EUEa Further, define E0, E1CE, where eeE Is in E° if ee~ for some

xe(a,b] and e€E1 If e”e~, for some yE {a,b). Define the semi-norm ll’hI’ on
~ by hI qhI ’—max(~e(q)l: e€E}. Set Q~{q= : hl Pf— PI I ’~O and p€K}. We
claim that Inf max o(e)e(q)=r > 0. Indeed, If there exist qeQ with

qEQ eeE0
max a(e)e(q)cO. Then from q— ~ ~ with IlPf—P IJ ’ $0 and peK we see that
ed° ~IPç P,i
e(q)$O for some e€E and e(q)cO for all eEEL Thus, ci(e)e(q)<O for all

eeE with strict Inequality holding at least once. This violates the fact

that 0 belongs to the convex hull of {a(e)e: eeE}. Using this lower bound,

we have for peK with hIPf~Phl ’ $0 that there exists eeE° for which
• - 

. c(e)e(pf—p)’r hlPf~PU’ . Now observe that (as usual)

h f — pII~ .IIf — PfhI~”v hl Pq - pIt 1 .
i. As this Inequality holds for 11~~

f
_ p 11

I =0, we have a strong uniqueness—type

result for the seminonn 11.11 1 
. Next, the norm, ll~ hI ~~~~~~~~~~~~~~ is

Introduced. Thus, there exists a constant x>0 such that li~h! *,..x ItpII.y ~~~
Finally, we claim that there exists A>0 for which IIPf-PhI ’~.A (hI pf_phI*)~”,

1 ~ Y p~ K satisfying hI~hI cM. First observe that llPf— Phl ’ —0 with peK impl ies

• - - . ‘.— - — _ . •. - . • . - - 
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V a ~auq so that IIpf_Phl*=O. Now, for eeE, there exists a con-

stant (1 for which Ie(pf
_p)I.~Kl Ie(pf

_p)I2m as II phh. ~!l. Let ~~~~~~ and

assume that e=e~
1 (the augmented extremal corresponding to e1 ). We claimxo x0

that there exists (2>0 for which he
1 (pf

_p)I K2Ie~~(pf
_p)I2m 1 peK satls—

0 XO
fying ~Ip II 4i. If this is not the case, then corresponding to each Integer

v>0 there exists E K wi th hlq~hI~M for which hq~,(x0)I<~Iq ~~(x0)l~ ’. Now
we may assume that ~ converges uniformly to qeK. Clearly, q ’(x0)—0. We

(2m)( )
can write q~(x)=q,~,(x0)+~-~ — 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+s (x)(x-x0)
2
~ where 87O,a~

-tO (as q~~”~ (x0)=O since qGK), Is~(x)I1M1 for

all x e[a,b], some M1 independent of v and q~(x)>O -Y-xE[a ,b]. Thus,
for xefa,b]. For v sufficiently large (so

a (2m-l ) 2tTil 2m 2that xe(a,b)), set x—x0= ~~~ -. This gives (2~~’T) 
(

~~~~~ ) 
8 .~~

m or
that there exists a constant 1(1 independent of ‘v (sufficiently large) such

that ~~~~~~~~~~~~~~~~~ which is our desired contradiction. Finally,

If e€Ea~~~ Is of the form e=e~ some yE(a,b)’~{x0}, the above argument

(modified) shows that there exists K3 for which Ie~,(pf
_ p)I,~.K2Ie~(pf

_p )I 2

le~(Pf-P)I~~ V peK satisfying IlphI~.M where K3 is independent of p. By
taking A to be the smallest of the constants produced above, we have that

hIpf_pII~~.A(hIpf_ p hI * )~ implying If-PII > hIf-Pf hI + Y hlpf-pII~~? peK satis-
fying lpII .CM with y y(M,f)>O independent of p.

To show this result is best possible we construct an example. Fix m a

positive integer and let r1,r2,r3 denote the three roots of p0(x)—x
2”
~
’1

+2x~~.l (note —2cr <-1, r2——l , Ocr cl) . Define K—{peii : p~(x)>0,

-1. • x~~[r1,r3], O=p
(2)(O)= ...=p t

~~~(O)}z(p (x)=a0x
2m
~~+a1x

2m+a2x+a3: p ’(x)>O on

(r1,r3]}. Define gEC[r1,r3] by g(r1)—~ , g(_l)4, g(r3)=- ’~- and extend g

linearly to all [r1,r3]. Se’~ f—g+?x
2”t a.1~ .If (X)*2X . Note that (-e~ ,

~ 1 1
e” ,-e” ,e ’ } is an extremal set for f and Pf whose convex hul l contains the

zero of V~, V=(a0x
fl1
~+a1x~

h1+a2x+a3}. (Coefficients are: u1 l , a2 1+a3,

- .  ~~~~
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a4 r1+a2+u3r3, respectively.) Thus, Pf IS the desired bestr3 1

approximation to f from K’ ‘. Next, define p (x) pf(x)+apQ(x)+4ma”x, for
O’caca

0 where a0 Is chosen so smal l that If_ paJ= 1 g_u[pQ+4mcs
2m
~~x]J decreases

as x moves away from r1 in a neighborhood of {r1,r2,r3} for all a (Oca ca0).
This can be done since fgj decreases linearly as x moves away from r1.
Hence a~ can be chosen so small that h1 f-~~!I = max h (f_p~)(rjPh~ O4z<a01=1,2,3

Also, Ih~-Pf lI~~’ iIPf Pa hL~JPq(O)_ pa (O)l ct and
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ Now, for x>O, p~(x)>O; for

the term 2(2m+l)x~ dominates showing that p~(x)>O here; and
for xe [—a,O] the term 4ma

~ >t4amx~”~~I again Implying that p~(x)>O. Thus
p~GK and (h f-p hI _ h1 f_Pf1I)/hIPf_Pa I 1 8 <41fl

~
II1

• This implies that we must have
8>2m In order for the strong unicity theorem to hold for this f and Pf. I

By suitably selecting g, it can be shown that this weaker strong uni-
queness result holds for an f which also satisfies all the constraints of
K. Additional results on this topic will appear elsewhere.
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